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Abstract 
Rodicio, A.G., On the free character of the first Koszul homology module, Journal of Pure and 
Applied Algebra 80 (1992) 59-64. 
We give a result on the Andre-Quillen homology of an ideal whose first Koszul homology 
module is free. As application we obtain improvements on well-known results of M. Andre and 
T.H. Gulliksen. 
Introduction 
Let (A, M, K) denote a local noetherian ring A with maximal ideal M and 
residue field K. Let I be an ideal of A and E the Koszul complex associated to an 
arbitrary system of generators of I. 
The condition: H,(E) is a free A /Z-module, appears in several important results 
on commutative algebra. For instance: 
- (Gulliksen [4, Proposition 1.4.91) The ideal Z is generated by a regular 
sequence if and only if Z has finite projective dimension and H,(E) is free. 
- (Andre [2]) A ssume that A is a complete intersection. Then, A /I is a complete 
intersection if and only if H,(E) is free and H,(E) = H,(E)2. 
The purpose of this paper is to prove the following theorem, which enable us to 
generalize both Gulliksen’s and Andre’s results (see Corollaries 4 and 5): 
Theorem 1. Let (A, M, K) be a local noetherian ring, Z an ideal of A, and E the 
Koszul complex associated to a system of generators of 1. Zf H,(E) is a free 
A II-module, then the homomorphism 
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H,(AIZ, K, K)+ &(A, A/Z, K) 
is trivial. 
Here H,(R, S, -) stands for the Andre-Quillen homology of the R-algebra S 
(see [l]), and the homomorphism 
&(A/], K, K)+ H,(A, AlI, K) 
corresponds to the Jacobi-Zariski sequence [l, Theoreme 5.11 associated to the 
homomorphisms A + A /I-+ K. 
The main ingredient of the proof is the following lemma: 
Lemma 2. If I has finite projective dimension and E is associated to a minimal 
system of generators of I, then 
Tr,,,W,W) c Mu. 
We denote by Tr,(F) the trace ideal of the R-module F, i.e., the ideal of R 
generated by all (T(X), x E F, CT E Horn,,, F, R). 
As Vasconcelos has noted [7, pp. 370-3711, this result can be proved with a 
slight modification of Gulliksen’s argument in [4, Proposition 1.4.91. For the 
convenience of the reader, we give the details of this proof in the Appendix. 
Results 
First we recall the relationship between H,(E) and Andre-Quillen homology. 
Let (A, M, K) be a local noetherian ring, Z an ideal of A, and E the Koszul 
complex associated to a system of generators of I. For every A/I-module W there 
exists an exact and natural sequence 
O-,H,(A,AlZ, W)+H,(E)C3/,,,W*E,C9~ W+Z@AW+O 
(see [l, Proposition 15.121). In particular, if W = K and E is associated to a 
minimal system of generators, we have a natural isomorphism 
&(A, A/Z, K) = H,(E)@/,,, K . 
Lemma 3. Let (A, M, K) be a local noetherian ring and J c I two ideals of A such 
that I has finite projective dimension. Let E be the Koszul complex associated to a 
system of generators of the ideal IIJ of A IJ. If H, (E) is a free A II-module, then the 
canonical homomorphism 
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H,(A, A/Z, K)+ H,(AlJ, A/Z, K) 
is trivial. 
Proof. By [4, pp. 30-311 we may assume that E is associated to a minimal system 
of generators of Z/J. Since the homomorphism Z @A K+ (Z/J) BAIJ K is surjec- 
tive, there exists a minimal system of generators of Z whose image in Z/J is the 
given system. Let F be the Koszul complex associated to these generators of I. 
By the preceding remark we have H,(A, A/Z, K)=H,(F)@‘,,,K, H,(AlJ, 
A/Z, K) 2: H,(E)@‘,,, K. Moreover, the homomorphism H,(A, A/Z, K) + 
H,(AlJ, A/Z, K) is induced by the canonical homomorphism + : H,(F)-+ 
H,(E) (this follows from the construction of the Jacobi-Zariski sequence in [5, 
Theorem 2.2.41). Then, we have to prove that the image of 4 is contained in 
(MIZW,(E). If +(SWWZW,(E) f or some 5 E H, (F), then +( 5) is part of an 
A/Z-basis of H,(E). Hence there exists (T EHom,,,(H,(E), A/Z) such that 
U+(S) = 1. But this implies Tr,,,(H,(F)) = A/Z, which is a contradiction by 
Lemma 2 since Z has finite projective dimension. 0 
Proof of Theorem 1. First we assume that A = RIP, where R is a regular local 
ring. Let T be an ideal of R such that TIP = I. Then H,(A, A II, K) = 
H,(RIP, R/T, K). Moreover, from the Jacobi-Zariski sequence associated 
to the homomorphisms R+ A/Z* K and [l, Proposition 6.261, we obtain 
H,(AIZ, K, K)= H2(R, R/T, K). By Lemma 3, the homomorphism 
H,(R, RIT, K)+ H2(RIP, RIT, K) is trivial. 
For arbitrary A we consider the M-adic completions A* and I* = IA*. Let 
x1, . . > x, be the system of generators of Z which induces the Koszul complex E. 
The ideal I* of A * is generated by x1, . , x, , and the Koszul complex generated 
overA* byx,,... ,x, is E C31A *. Since A* is A-flat, we have H,(EBA A*) 2: 
HI(E A*. Therefore, H,(E@‘, A*) is an A*lZ*-free module. By the Cohen 
theorem, A* is a homomorphic image of a regular local ring. Hence, from the first 
part of the proof, we obtain that the homomorphism 
H,((AIz)*, K, K)- &(A*, (A/z)*, K) 
is trivial. 
Consider the Jacobi-Zariski sequences associated to the homomorphisms 
A* A*-+ (A/Z)* and A--+ A/Z--+ (A/Z)*: 
%(A, A*, K)+ f&CA, (A/O*, K) 
-+ H2(A*, (A/Z)*, K)+ H,(A, A*, K) , 
H,(AlZ, (A/Z)*, K)+ H,(A, A/Z, K) 
-+ H,(A, (A/Z)*, K)* H,(AIZ, (A/Z)*, K) . 
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We have H,(A, A*, K) = 0= H,(A, A*, K), H,(AlZ, (A/Z)*, K) = 0 = H,(AlZ, 
(A/Z)*, K) (see [l, p. 146]), and so H2(A*, (A/Z)*, K) 2: H,(A, A/Z, K). More- 
over, H,((AIZ)*, K, K) = H,(AIZ, K, K) (see [l, Proposition 10.181). Therefore, 
H,(AIZ, K, K)+H,(A, A/Z, K) is trivial. 0 
We give now the generalizations of Gulliksen’s and Andre’s results. 
Corollary 4. Let (A, M, K) be a local noetherian ring, Z an ideal of A, and E the 
Koszul complex associated to a system of generators of I. Assume that there exists 
an ideal J of finite projective dimension such that Z c J. Zf H,(E) is a free 
AIZ-module, then Z is generated by a regular sequence. 
Proof. A result of Avramov [3] asserts that the homomorphism H,(A, A/J, K)+ 
H,(A, K, K) is trivial (see [6, Lemma 11). Then the commutative diagram 
&(A, A/z, K) 
1 ,.&(A K, W 
H,(A, A/J, K)’ 
shows that the homomorphism H,(A, A/Z, K)+ H,(A, K, K) is trivial. From 
Theorem 1 and the Jacobi-Zariski sequence 
H,(A/Z, K, K)+ H,(A, A/Z, K)+ H,(A, K, K) 
we obtain H,(A, A/Z, K) = 0, i.e., Z is generated by a regular sequence [l, 
Theoreme 6.251. 0 
Corollary 5. Let (A, M, K) be a local noetherian ring, Z an ideal of A, and E the 
Koszul complex associated to a system of generators of I. Zf A is a complete 
intersection and H,(E) is a free AIZ-module, then A/Z is a complete intersection. 
Proof. It follows from Theorem 1 and the Jacobi-Zariski sequence 
f&CA, K, K)+ H,(Alz, K, K)+ f&CA, A/z, K) 
using the homological characterization of complete intersections [ 1, Proposition 
6.271. 0 
Finally we get another consequence of Theorem 1, in which the module H,(E) 
does not appear explicitly. 
Corollary 6. Let (A, M, K) be a local noetherian ring and Z an ideal of A. Zf 
H,(A, All, K) = 0, then the homomorphism 
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ZZ,(AlZ, K, K)+ &(A, A/Z, K) 
is trivial. 
Proof. If E is the Koszul complex associated to a system of generators 
there exists an epimorphism H,(A, A/Z, K)-+Tort”(H,(E), K) [2, p. 
result follows from this and Theorem 1. 0 
Appendix 
Lemma 2 is a consequence of the following proposition: 
63 
of I, then 
1281. The 
Proposition 7. Let A be a noetherian ring, Z an ideal of A, and E the Koszul 
complex associated to a system of generators of I. Let J be an ideal of A such that 
Tor$(AlZ, A/J) = 0 for some p 2 1. Then 
a@ + B,(E))P E (J + Z)lZ 
for all (T E Hom,,,(H,(E), A/Z), 5 E Z,(E) II JE,. 
Proof. We will use the notation of [4]. Let 5 E Z,(E) fl JE,, and let v be a fixed 
homomorphism of H,(E) to A/Z. Let s,, . , s, be elements of Z,(E) such that 
$1,. . . > s,, .$ represents a system of generators of H,(E). Consider the A-algebra 
X= E(S,, . . .,S,,T;dS,=s,,dT=~) 
furnished with the obvious augmentation X+ A/Z. 
There exists an acyclic A-algebra of the form 
Y = X(. . . , U,, . . . ; dUi = u;) 
which is a free resolution of the A-module A/Z. 
Leta,,. . . ,a,, a be elements of A such that a(sj + B,(E)) = a, + I, 1~ i 5 m, 
o( 5 + B,(E)) = a + I. There exists a derivation y : X- X (of degree -2) trivial 
on E and such that r($“) = SliP1)ai, 1 I i 5 m, y(T”‘) = T(j-l)a (see [4, 
Lemma 1.3.41). 
The commutativity of the diagram 
X2= E,@AS,C3..-@AS,@AT 
I\ 
4 (El A 
1 I 
H,(E);--,AlZ 
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implies y(Z,(X)) C I = B,(E). Therefore (as in [4, pp. 32-33]), y can be extend- 
ed to a derivation y : Y+ Y. 
Since .$ E JE,, we have that T(‘) @ 1 is a cycle in Y @A (A/J) = YIJY, for all 
q 2 0. By hypothesis there exists an integer p such that TCp) @ 1 E B,, (Y @IA A/J). 
Then aP~l=((yP~l)(T~P~~l)~B,(Y~,AIJ). Under the identification 
Y @A A/J = YIJY, a” C3 1 corresponds to a’ + J and B,(Y G3’A A/J) to (J + Z) lJ. 
Therefore, a’ E J + I. 0 
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